Abstract: A graph is (m,k)-colourable if its vertices can be coloured with m colours such that the maximum degree of the subgraph induced on vertices receiving the same colour is at most k. The k-defective chromatic number Xk(G) of a graph G is the least positive integer m for which G is (m,k)-colourable. Let f(m,k) be the smallest order of a triangle-free graph G such that X k (G) = m. In this paper we study the problem of determining f( m, 1). We show that f(3, 1) = 9 and characterize the corresponding minimal graphs. For m ~ 4, we present lower and upper bounds for f(m,l).
Introduction
All graphs considered in this paper are undirected, finite, loopless and have no multiple edges. For the most part we follow the notation of Chartrand and Lesniak [5] .
For a graph G, we denote the vertex set and the edge set of G by V(G) and E(G) respectively. The complement of a graph G is denoted by G. For a positive integer n, P n is a path of order nand C n is a cycle of order n. For a subset U ofV(G), the subgraph
of G induced on U is denoted by G[U] and the subgraph induced on V(G) -U is
Archdeacon [3] obtained some interesting results concerning k-defective colourings of graphs in surfaces.
Let f(m,k) be the smallest order of a triangle-free graph G such that x'k (G) = m. The determination of f(m,O) is still an open problem (see Toft [19] , Problem 29). However partial results concerning this problem have been obtained by several authors. In the following we will briefly review some of these results.
Mycielski [18] constructed an m-chromatic triangle-free graph of order 2 Using a slight extension of Avis' method Hanson and MacGillivray [12] have shown that f(5,0) ~ 20. Using a computer algorithm Grinstead, Katinsky and Van Stone [11] have shown that 21 ~ f(5,0) ~ 22. Using computer searches Jensen and Royle [14] completely settled this problem and showed that f(5,0) = 22.
In Section 2, we will prove that f(3, 1) = 9 and f( m, 1) ~ m 2 , for all m ~ 4.
Furthermore, we will determine all the triangle-free graphs of order 9 whose I-defective chromatic number is 3. Using the structure of these graphs we will improve the bound for f(4,1) and show that f(4,1) ~ 17. We also provide an upper bound for f(m,l).
For notational convenience the path Ul ,U2, ... ,Un and the cycle Ul,U2, ... ,U n ,Ul will be denoted by u 1 U2 ... Un and u 1 U2 ... unu 1 respectively. In all the figures a dotted line between vertices u and v implies that the edge (u,v) belongs to the complement.
2.
Main Results :
The following theorem has been obtained independently by Lovasz [15] and Hopkins and Staton [13] .
Theorem 1: Let G be a graph with maximum degree~. Then r ~+ll xJG):S: I k+l .
We first prove two lemmas concerning triangle-free graphs. Figure 2 which implies that IV 1 (\ AI = 1 and IV 1 (\ BI = 3 . Now note that every vertex of A is adjacent to two vertices of B in G. Thus VIis not I-independent, a contradiction to our assumption. Hence Z E Vz. Now using this it is easy to show that IV 2 n AI = 1.
Let V2 (\ A {ud. Clearly Wl and W3 E VI. Now since U2 also belongs to VI it follows that VI is not l-independent, a contradiction. Similarly ifV2 (\ A = {Ui} for some i, 2::::; i ::::; 4, we arrive at a contradiction. This proves that XJG 1 ) = 3.
We observe that GI is a subgraph of Gi , for 2 ~ i ~ 3. This together with the fact that Xl (G j ) ~ 3, for all i, gives Xl (G j ) = 3 for 2 ~ i ~ 3 . Now using similar arguments as in the case of G1, it is easy to prove that Xl (G4) = 3. This completes the proof of the lemma. We will now characterize triangle-free graphs of order 9 whose I-defective chromatic number is 3.
Theorem 4: Let G be a triangle-free graph of order 9. Then ' XI (G) 3 if and only ifG is isomorphic to one of the graphs of Lemma 2.
Proof: The if part follows from Lemma 2.
Let G be a triangle-free graph of order 9 with ' Xl (G) 3 and u a vertex with maximum degree in G. Let A be the set of all neighbours of u. From Theorem 1 and the assumption that ' XI (G) = 3 it follows that IAI :::: 4. Now let R == G -u -A. It can easily be shown that 'Xl (R) = 2. This implies that IV(R)I :::: 3 and hence IAI :s; 5.
We will divide the rest of the proof into two cases depending on the value of IAI. Now we will show that w is not adjacent to y in H. Suppose w is adjacent to y (see Figure 4 .c). Now it is easy to see that G is isomorphic to GI, or G2, or G3 according as the number of neighbours of w in {a, b} is 0 or 1 or 2.
Subcase 1.2 : H is isomorphic to P 4
Recall that xyz is a P3 in H. We assume that w is adjacent to z in H (see Figure   5 .a). It is easy to see that y is a vertex of degree 4 and the subgraph induced on V(G) -N[y] is isomorphic to P 3 u Kl and hence we are in Subcase l.l.
Subcase 1.3: H is isomorphic to C4
Recall that xyz is a P3 in H. Thus in this case w is adjacent to x and z (see Figure   6 .a). The numbers next to the vertices a to w denote the colours assigned to the vertices. We will now extend this (3,1 )-colouring of R to a (3,1 )-colouring of G. Observe that w is adjacent to at most two vertices of A since ~(G) = 6. If w is adjacent to at most one vertex of A then assign colour 3 to the vertices of A and assign colour 1 to u. This produces a (3,1 )-colouring of G. Thus let us assume that w is joined to exactly two vertices, say, sand t of A(see Figure 9 .b).
Since G is triangle-free, sand t are not adjacent to any element of {x,y,z,v}.
Firstly we assign colour 3 to the elements of A -s. Now we colour sand u as follows:
If s is adjacent to b, then s is not adjacent to a or c. Hence we can assign colour 2 to s and colour I to u. Thus we have a (3,l)-colouring of G in this case. On the other hand if s is not adjacent to b note that {s,b,d,x,y} is I-independent and hence we assign colour 1 to s and colour 2 to u. This forms a (3,1 )-colouring of G in this case.
Thus when H == GI of Figure 2 , we have extended the (3, I )-colouring of H shown in Figure 9 . a to a (3, I )-colouring of G.
Now assume that H is isomorphic to Gi for some i, 2 S; i S; 4, of Figure 2 . We have reproduced those graphs in Figure 10 along with a (3, I )-colouring. In the following we will briefly explain how to extend the (3, I)-colouring of Gi to the graph G.
of G if w has at most one neighbour in A. So we will assume that w is adjacent to exactly two vertices, say sand t of A. Colour the vertices of A u {u} as follows: The vertices in A -{s} are assigned colour 3. The vertex s is assigned colour 2 or 1 according as s is or is not adjacent to the vertex b. Now the vertex u will be assigned colour 1 or 2 according as s is assigned colour 2 or 1. It is easy to check that this is a (3, I)-colouring ofG. Finally let H == G4. Since .1(G) = 6, w is adjacent to at most one vertex of A.
Hence we can assign colour 3 to all the elements of A and colour I to u. This provides a 
for some a * 1, then and (Co. U {Vi}) n VCR) is I-independent.
(iii) The statement (ii) is also true for Wi, I ~ i ~ t .
(iv)
For i, 1 ~ i ~ t, ifui, Wi E Co., for some a * 1, then I Co. n NH(vi) I = o.
In the following we describe the method of changing the colour of every vertex of VIto some other suitable colour. We will now prove that this procedure results in a (k-l,I)-colouring ofR. Let
Va. be the set of vertices ofR that have been assigned colour u, for 2::; u ~ k. Note that ea. n V(H) ~ Va., for 2 ::; a. ::; k. In the following, we will prove that R[V 2] is 1-independent. The same arguments hold for 3 ~ a. ~ k. Figure 12 ). w. However, the order of the graph constructed in Folkman's proof is larger than the order of the graph in Theorem 6.
Suppose H[V2] is not I-independent. Let VrVsVt be a P3 in H[V2] (see

